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ON INTEGRALITY OF p-ADIC ITERATED INTEGRALS 


ANDRE CHATZISTAMATIOU 


Abstract. The purpose of this paper is to prove integrality for certain p- 
adic iterated Coleman integrals. As underlying geometry we will take the 
complement of a divisor D C X with good reduction, where X is the projective 
line or an elliptic curve over the Witt vectors of a perfect characteristic p field. 
As a corollary we prove a lower bound for the valuations of p-adic multiple 
zeta values. 


Introduction 

The basic idea for analytic continuation in real analytic spaces fails for classical 
p-adic spaces due to their totally disconnected nature. On such spaces it is not at 
all evident how to patch local primitives of a function together into an essentially 
unique global primitive. Guided by Dwork’s principle, that the p-adic analogue of 
analytic continuation along a path is ” analytic continuation along Frobenius”, Cole¬ 
man developed in lCol821 ICol85l ICdS88j a theory for solving iterated integrals. The 
solutions form a subring of the locally analytic functions whose elements are called 
Coleman functions. As an application, Coleman constructed the p-adic version of 
the polylogarithm functions. The relationship between values of ’’the” p-adic zeta 
function at positive integers and the value of Coleman polylogarithms at 1 is the 
same as in the complex setting. 

In our paper, we will use the generalization of Coleman’s theory by Besser fBes02] 
and, independently, Vologodsky [Vol03| , which is built on the Tannakian formalism. 
The notion of a set of paths between two points is replaced by the space of natural 
isomorphisms between two fibre functors on a suitable category of unipotent con¬ 
nections. The Frobenius action on the space of natural isomorphisms singles out 
a distinguished path, which is called the Frobenius invariant path. Therefore ’’an¬ 
alytic continuation along Frobenius” admits a precise formulation as continuation 
along the Frobenius invariant path. 

The main tool in our paper is an extension of the Tannakian formalism to very 
simple unipotent categories over any commutative ring ('Corollary 11.711 . Broadly 
speaking, these categories are equivalent to unipotent representations of a free ten¬ 
sor algebra with finitely many generators. We develop the theory in the first section 
to a degree sufficient for our application; a more general study of Tannakian duality 
in the unipotent case would be very worthwhile. Our application is to the category 
IA of unipotent connections on X with logarithmic singularities in b ^ 0, where X 
is a geometrically connected smooth projective curve over the ring of Witt vectors 
W of a perfect characteristic p field, X denotes the completion along the special 
fibre, and D is finite etale over W. 


The author is supported by the Heisenberg program (DFG). 
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In Sections [2] and 0 we recall some properties of U. In particular, we describe 
the absolute Frobenius functor, and we give integral versions (that is, defined over 
W) of the fibre functors attached to VF-points of X with good or bad reduction 
with respect to D, and give an account of tangential fibre functors. 

Section[4]contains the two main theorems. Theorem l4.2l asserts that it is sufficient 
to construct an integral version of the Frobenius invariant path between two fibre 
functors x and y for unipotent connections on X. Then there is a unique extension 
to connections with logarithmic singularities. In the case X = P]y, this implies 
integrality immediately. For an elliptic curve A', we can only prove integrality 
under the additional assumption that the reductions xg,yg £ A”(A;) of the points 
underlying x,y, yield a point xo — yg of order prime to p (Theorem 14.311 . 

In Section 0 we give the application to p-adic multiple zeta values (Corollary 
15.51) : i,..., k m ) £ p& i=1 ki \, for all positive integers k\,..., k m , all primes p , 

and where p^ i=1 fci ] C Z p is the ideal generated by all with j > YYiL i 

1. A SIMPLE CASE OF UNIPOTENT TANNAKA DUALITY FOR ARBITRARY BASE 

RINGS 

Let I? be a commutative ring, and let C be an A-linear exact category. Let 1 be 
an object of C such that Hom(l, 1 ) = R. 

Definition 1.1. For any non-negative integer r, we define U r = U r (C , 1) to be the 
full subcategory consisting of objects V £ C that have an admissible filtration (that 
is, the inclusions are admissible morphisms) 

0 C Vo C Vi C • • • C V r = V, 

such that the quotients Vj+i/E and Vg are isomorphic to a finite sum with sum¬ 
mands 1. We set U = (J r U r . 

Note that U is closed under extensions in C and is an .R-linear exact category. 
Let U c be the idempotent completion of U. We have its derived category D(U C ) at 
disposal lNee90] . and may set 

Ext* (A, Y) := Hom D(l4) (A, Y[i\), 

for A ,Y SM. As for abelian categories, this construction is the same as the Yoneda 
construction where an element in Ext* (A, Y) is represented by an exact sequence 
of admissible morphisms in U Cl which starts with Y and ends with A'. 

Notation 1.2. We say that U is free if Ext 1 (l, 1) is a free and finitely generated 
.R-module and Ext 2 (l, 1) = 0. 

Definition 1.3. Let r > 0. An A-linear functor ui : U r —> (i?-modules) is called a 
fibre functor if lj respects exact sequences and w(l) = R. We define fibre functors 
with source category U in the same way. 

By definition, we have Ug = (free finitely generated I?-modules). For a free 
finitely generated I?-module V, we will denote by E® 1 £ Ug the representing object 
of the functor Ug —> (free finitely generated I?-modules); T i-> Hom(T, 1) V. It 
comes equipped with an isomorphism Hom(l, V ® 1) -A V. 

Proposition 1.4. Suppose that U is free, and let r > 0. 
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(1) There is an object E r ofld r such that Hom(£’ r ., —) : ld r — > (R-modules) is a 
fibre functor. 

(2) Let E r be an object with the properties of (1), let e : E r —» 1 be a generator 
for Hom(£ r , 1 ). For every fibre functor u> : U r —» (R-modules), and every 
e £ oj(E r ) such that w(e)(e) generates w(l), oj is represented by (E r ,e). 

Proof. For r = 0, we can take E 0 = 1. 

Set T := Ext 1 (l, l) v and T® r := r® r ® 1. For r > 0, we will proceed by 
induction and construct an extension 

(1.4.1) o -> T® r -A E r -A E r _i -A 0, 
such that the induced map 

(1.4.2) Horn(T® r , 1 ) -A Ext^-i, 1 ) 

is an isomorphism. Note that in view of the embedding theorem ITT901 A.7.1, A.7.16] 
(cf. [BiihlOl Theorem A.l]), the category Id is closed under extensions in ld c . 

Obviously, Ext 2 (l, 1) = 0 implies Ext 2 (V) W) = 0 for any two objects V, W £ ld r . 
Suppose we have constructed E r _i. Then 

Ext^EV-i, 1) Ext 1 (T® r " 1 ,1) 

is an isomorphism. Let E r correspond to the preimage of the identity via the map 

Ext 1 (£J r _i,T® r ) -A Ext 1 (T® r_1 , T® r ) -A Ext^l, 1) <g> r v ® r “ 1 <g> r® r 

= Hom(F® r ',r® r ). 

Let us show (II. 4. 2D holds. This map is induced by the class of E r and the first row 
of the commutative diagram 

Hom(T® r , 1) <g> Ext 1 (E r ._i, T® r )-^ Ext^EV-i, 1) 


Hom(T® r ,l) ® Ext 1 (T® r_1 , T® r )-s- Ext 1 (T® r ~ 1 , 1 ), 

which proves the claim. 

By induction, we easily obtain Hom(E r , 1 ) = R. 

Let us prove by induction on r that 

(1.4.3) 0 —A Hom(£7 r , V 0 ) -A Hom(E r ., V) -A Hom(£7 r , K-i) 0 

is an exact sequence it V £ U r , and Vo C V is such that Vo £ Ido and V r _i := 
V/VoSUr-!. 

First, we note that, for every V £ U r -\. the map 

Hom(E r _ ll V) -A- Hom(E r , V), 

induced by E r —> E r _ i, is an isomorphism. Certainly, this holds for V £ Uq. For 
the general case, we can use an exact sequence 

0 — A Vo — A V — A V r —2 — A 0, 

with Vo £ Ido, Vr —2 £ 74-2) and induction. 
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For r] £ Hom(EV_i, V r -i) = Hom(.E r , V r -\) consider 

0-^ V 0 ->■ V ->■ V r -1->■ 0 

= V 

0-»■ Vo - E v ->- E r _i->- 0, 

with E v being the induced extension. Since Hom(T® r , Vo) -A Ext 1 (E r -±, Vo) is an 
isomorphism, E^ dehnes a morphism r : T® r —> Vo, and the class of E v is the image 
of the class of E r via r. We obtain a commutative diagram 

0-Vo- E v -s- E r _i-s- 0, 

r ijj = 

0-^ Vo- E r - E r —i-0. 

The composition fj := (E v —t V) o if : E r -A V yields a lifting of p and proves the 
exactness of (II. 4. 3D . 

As a consequence, we conclude that Hom(£ r , V) is a free and finitely generated 
R- module. Furthermore, the morphism YLom.(E r ,V) 0 E r —t V is an admissible 
epimorphism, where Hom(f? r , V) <8)E r is the obvious direct sum of E r terms. That 
is, we have an exact sequence in U: 

0 — > K —> Hom(f? r , V) 0 E r — > V —> 0. 

Let the following be an exact sequence in U: 

0->X-tY->Z->0. 

We will show by induction on r that, for all s > r and Y £ U s , Z £ U r , the map 
Hom(E s , Y) —»■ Hom(£' s , Z) is surjective. Suppose first that r = 0. Since 

Hom(£ 5 , Y)®E S ^Y ^ Z 

is an admissible epimorphism and factors through Hom(£’ s ,F) 0 Eq, the claim 
follows. 

For r > 1, we consider: 

0-A'- Y' -Z r _i-^ 0 


0->■ X -- Y - Z -^ 0 



z 0 . 


Since the r = 0 case is proved, we only need to lift morphisms contained in 
Hom(E s , Z r _ i) to Y. We know Y' £ Ut for some t and Hom(.E t , Y') —t Hom(i? t , Z r _\) 
is surjective by induction. Since every morphism E t —> Y factors through E r , we 
are done with the first part of the proposition. The second part follows easily. □ 

Proposition 1.5. Assumptions and E r as in Proposition \l-4\ VFe set S r = 
Horn (E r ,E r )° p and I := ker(SV — > So)- The functor 

Hom(B r , -) : U r -A U r ((S r -modules), R) 
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is an equivalence of categories. Moreover, I n = ker(SV — > S n - 1 ), for all r > n > 1, 
and /"//"+ 1 s (Ext 1 (l, l) v )®”. 

Proof. Since Hom(.E r , V) ® E r -A V is an admissible epimorphism for all V £ 
U r , the functor is faithful. In order to show that the functor is full, let / £ 
Homs r (Hom(£ , r , V), Hom(£ r , IT)). We need to prove that it induces a morphism 
of exact sequences 

0->■ K v -v Hom(£ r , V) ® E r - V -0 

/® id Er 

0- K w -Hom(E r , W) <g> E r - W -0. 

Again, we have an admissible epimorphism Hom(£! s , Ky)®E s -A Ky, for some s > 
r. Therefore, it suffices to show that for every a £ Hom(£ , r , V) Hom(i? a , E r ) = 
Hom(2£ r , V) ®/{Hom(.E r ., E r ) with trivial image in Hom(If r , V) under the composi¬ 
tion map, (/®idHom(E r ,E r ))( a ) has also trivial image in Hom(£ , r , W). This follows 
immediately, because / is a morphism of S r -modules. 

Finally, let us prove the essential surjectivity. It is sufficient to show that the 
map 

Ext 1 (l, 1) -A Ext Sr (i?, R ), 

is an isomorphism for r > 1. The claim is easily proved for r = 1. We would like to 
prove ker(SV -A Si) = I 2 for r > 2, which implies Ext s r (R,R) = Ext s 1 {R,R) and 
reduces the assertion to the r = 1 case. Let us show Hom(If r , T® r ) = I r . Let X 
be the following pullback 

q _^ p(&r _ p<S>r—l _^ q 


0- S- T® r -^ E r -S- E r _!-^ 0, 

and set J := Hom(£ r , X) C S r . Since X = r® r_1 ® Ei, we conclude I ■ J = 
Horn (E r ,T® r ). By induction, J maps to / r_1 in S r - 1 , hence V = Horn (E r ,T® r ). 

□ 


1.6. For a fibre functor ui : IA -A (R- modules), we have 

End(w) = ^mHom(w| Ur ,W| Wi ,), 

r> 0 

where Hom(wj^ r ,are the R -linear natural transformations; we set 

■= ker(End(w) -A End(w| W J). 

Corollary 1.7. Suppose U is free. A fibre functor oj : U -A (R-modules) induces 
an equivalence of categories 

U -A W(End(w), R). 

Moreover, /" = ker(End(w) —> End(w|^ n _ 1 )), and there is a natural isomorphism 

IZ/Iu +l = (Ext 1 (l,l) v )®". 
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Proof. The equivalence of categories is an immediate consequence of Proposition 
11.51 The natural isomorphism = (Ext 1 (l, 1) V ) S " is induced by 

Horn r(I u /I*,R) = ExtE nci ( w ) (R,R) = Ext^(l, 1), 

and the isomorphism (7 U /J^)®" /"/7™ +1 . □ 

Definition 1.8. (cf. Definition IBF06] ) Let a : R —> R be an endomorphism. Let 
F : U —> U be a a-linear exact functor, where U is a category as in Definition ll.il 
A pair ( 07 , 77 ), where u> : U —> (.R-modules) is a fibre functor, and 

?7 : 07 R —> to o F 

is an l?-linear natural isomorphism, is called an F-fibre functor. 

There is a unique isomorphism F( 1) = 1 compatible with 77 and 07 ( 1 ) = 1?. 


1.9. For two F-fibre functors x = (07 1 , 771 ), y = (o7 2 , 772 ), we define 
Py.x : Hom fl (ui,u 2 ) -> Hom fl (ui i?) 

to be the .R-module morphism rendering commutive the following diagram: 


u>i ®r :<7 R -► UJi o F 


Py,x (&) 


<^2 R 




aoF 


■ 07 2 o F. 


For all r > 0, we obtain induced maps 

Py,x : Hom fl (wi| Mr ,W2| Wr ) -»■ Hom fl (wi| W7 . <8 >r i(7 i?,w 2 | Wr 1?) 

Remark 1.9.1. If U is free then 

l ; im Hom fl (ag \ Ur ,ui 2 \uSi ®R,<y R -> Hom fl (wi U,w 2 <8 >_r, ct R), 

r> 0 

is an isomorphism, because both modules can be identified with ^im ^ u>2{E r )®R^ a 
R , where (E r ,e r ) is representing ui\\u T as in Proposition ll.il 

1.9.2. If x = y, then p x := p X)X is a morphism of F-algebras. If oq = w 2 , then 

(1.9.1) Py,x = {yf 1 °m) 0 Px- 

We can consider Hom(wi,w 2 ) as an End(w 2 )-module. Since there exists a natural 
isomorphism 07 2 —> oq, it is a free End(o 7 2 )-module of rank 1. Obviously, 

(1.9.2) Py,x(ab) = Pyifl ) ' Py,x(b ) 
for all a £ End(o 7 2 ) and b £ Hom(wi,u 2 ). 

Remark 1.9.3. Suppose U is free, and let ( 07 , 77 ) be an F-fibre functor. Let (E r ,e r ) 
be representing o;|^ r , we obtain a projective system E = ( E r ) r with e r +i e r , and 
an isomorphism 
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Let (f> : E —> F{E) be the unique morphism of projective systems in U such that 
u>(cf>)(e) = r)(e 0 1). Via the isomorphism r, we have 

u(E) uj{F(E)) > u(E) ® R , a R . 

Definition 1.10. For two F-fibre functors x = (uji,r]i),y = (w 2 ,7/ 2 ), we set 
Hom(:r, y) := {a G Houir(wi, w 2 ) | p y , x (a) = a0idi{}, 

Isom(x, y) := {a G Isom fl (wi, w 2 ) | p y , x (a) = a0id_R}. 

1.10.1. Suppose that Ext 1 (1,1) is free and finitely generated; we set T = Ext 1 (1,1) v . 
We have a cr-linear map 

Ext 1 {F,F) : Ext 1 (l, 1) -» Ext 1 (F(l), F(l)) = Ext^l.l), 
and let (f '■ T v ®R, a 1? T v be the associated F-linear map. Define 

4? : r -> (r v R) v = r ® R , a r 

as dual of (f. 

Lemma 1.11. Suppose U is free. Set I = ker(End(w 2 ) —¥ End(w 2 |y 0 )) and FI := 
Hom(wi,w 2 ). 

(1) The following map is an isomorphism 

I n I n H ~ 

Hohir( tui(l),tu 2 (l)) ® R -— -A- t , b®a^a-b, 

where b G H is a lifting of b. 

(2) For all n, p y , x induces a map 

rn ir rn tt 

dS ; -RTTS -* 7«Tf7 A 

which equals p" y ) x 0 (<^> v )® n via the isomorphism of (1). 

Proof. Assertion (1) is obvious. For (2), we may use (11.9.21) to reduce to the case 
x = y = (co 7 r]). Since p x is a morphism of A-algebras, it suffices to compute for 
n = 1. Recall that we have an extension 

0->T-AFi-4l->0. 

Choose an isomorphism R w(l) and e G oj(Ei) such that ui(e)(e) = r(l). Via 
t, we may identify oj(T), T and I/I 2 . For a G I/I 2 , a ■ e G w(T) corresponds to 
a. Moreover, we identify 1 and F(l) via the isomorphism t : 1 F( 1) satisfying 
w(f)(r(l)) = 7j(t(1) 0 1). We have 

Hom(l, T) ®R, a R -> Hom(F(l), F(T)) Hom(l, F(T)), 
which yields F(T) = (F ®r^ R) 0 1. 

Let if : Ei —»■ F(Fi) be the unique morphism such that ui(if)(e) = rj{e 0 1). 
Then 

p x (a) = r? _1 (w(i/;)(a • e)) G uj(T) R = I/I 2 0 fljO . R. 

The restriction of if to T is given by the class / of F{E{) in Ext 1 (l, (F0 _r i(T .R)01) = 
Hom/{(r, F ®R. a R). By definition, we have (7 <g> 1 ) o / = <f (7 0 1 ) for all 7 G T v , 
which proves / = </> v . □ 


P(u,v) 


= lim 

-r>n 
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Definition 1.12. Suppose U is free. A full subcategory U' oiU is called admissible 
if the following conditions are satisfied: 

• leW, 

• there exists a fibre functor w : U — > (R- modules), and a two-sided ideal 
K u C End(w), such that 

EeU' co{E) = 0, 

and End(w| Wr )/AT aj -End(w| Wr ) is an object in £t(End(w), R) for every r > 0. 

We could replace the second condition by requiring the existence of K u for 
every u>. An admissible subcategory is automatically an exact category. In view 
of Corollary 11,71 the ideal K u ■ End(w| Wr ) depends only on U' , and w induces an 
equivalence of categories 

(1.12.1) U' -> U{Rnd(uj)/K u] ,R). 


Remark 1.12.1. The A-module defined by 

K n T n T n 

1 1 1 U1 r 1 U1 

K n T n+1 T n+1 

I\-UJ 1 1 1 UJ J LU 

is independent of the choice of w. 


(Ext 1 )!, l) v )®" 


Lemma 1.13. Suppose F(U') is contained inU'. For every F-fibre functor (ui,rf), 
and every n > 0, 


P(lj, v ){Ku ■ End(w| Wn )) C K u • End(w| W J ® R , a R, 


and 


(</> v )®" 


( n lu \ 

\K UJ niS +1 J 


c 


K u n 15 
K u n/" +1 


R. 


Proof. By Corollary 1 1.71 there is E' n in U' ClZ i n with co{E' n ) = End(w|^)/A' w . For 
every a € K u •End(o;|^ rl ), we have P( u ^){a) ■ui(E' n ) R = 0, which easily implies 
P(u,r,)(a) G K u • End(w|iyJ ® R ,a R- 

We know p( W|77 ) ( I n ■ End(w| W j) C I n • End(w| W J ® R , a R. Since End(w| W J/A' w 
is a projective A-module for all n, we conclude 


(K u • End(w| Wn ) ®>r i(T R) C (/” ■ End(w| W J R) = 

{K u n I n ) ■ End(w| W J R, 

which yields the claim by using Lemma 11.111 □ 


Proposition 1.14. Suppose li is free andU' is an admissible F-invariant subcat¬ 
egory, that is, F(U') is contained in U'. Let x = = { 102 , 112 ) be F-fibre 

functors on U. If 


(1.14.1) 


(<)> v )®" 


id® 1 


K n T n 

- 0^1 1 1 1 UJ 1 

K n J n+1 

iv Wl 1 1 J-UJ 1 


K «n n 

K Ul n iZt 1 


®R,a R 


is surjective (resp. injective) for all n > 1, then 


Horn (x,y) -> Hom(x| W /, y\u>) 
is surjective (resp. injective). 










ON INTEGRALITY OF p-ADIC ITERATED INTEGRALS 


9 


Proof. In the first step we note, for all n > 0, the surjectivity of 

(1.14.2) Hom(w 1 | Wii , uj 2 \u n ) —■► Hom^q^, w 2 |i^)- 

Indeed, in order to prove this, we may suppose coi — to 2 = to. Since there is E' n € U' n 
with to{E' n ) = End(oj|^ ri )/it' w (as End(w| Wn )-module), we may use the equivalence 
of categories (11.12.11) to conclude. Moreover, we note that the kernels of (11.14.21) 
form a projective system with surjective transition maps. Therefore 

Hom(wi,u 2 ) -t Hom(u;i| W /,u;2|«') 

is surjective. After lifting an element in Hom(a"|^/, y\u') to Hom(wi, w 2 ), one can use 
the surjectivity of (11.14.11) to alter a lift and obtain an element in Hom(x, y) (Lemma 
mu Lemma fl.131) . Clearly the injectivity of (11.14.11) implies the uniqueness of a 
lift in Hom(:r, y). □ 


2. Unipotent connections for curves 

2.1. Let k be a perfect field of characteristic p. We denote by W{k) the ring of 
Witt vectors and by a the Frobenius endomorphism. Let 7r : X —> Spec(W(fc)) be a 
smooth projective curve such that W(k) = H a (X, Ox), that is, X is geometrically 
connected. Let D C X be a subscheme such that 7r|£> is finite and etale. We denote 
by X and D the completions along the special fibres Xo and Dq. 

We denote by C (resp. C) the category of locally free coherent Ox-modules 
(resp. 0 ^-modules) with logarithmic connection along D (resp. D), that is, objects 
are of the form {E,V) with V : E E ®o x ^x/w{k)Q°&E) (resp. V : E —> 
E a connec ti° n - The categories C and C are exact categories 

in the evident way, we set 1 = (Ox, d) (resp. 1 = (O x ,d)), and define U := U(C , 1) 
(resp. U := IA(C, 1 )) with R = W(k). There is an evident completion functor 
IA —> IA, E 1 —»• E. We will only work with unipotent logarithmic connections in the 
following. 

We have 

Ext£(l, (E, V)) H\X, E ^ E ^x/w^ilogD)) 

= H\X o, E^E® 0k V\ /w(k) (\ogD)) ^ Ext^(l, (E, V)), 

so that the completion functor is an isomorphism on Ext 1 (l, 1). Moreover, we have 
an exact sequence 

0 —> H°(X, n) x/w{k) (D)) -> Ext 1 (l, 1) -> H\X, Ox) -»• 0, 

which implies that Ext 1 (l, 1) is a free and finitely generated l?-module. It is easy 
to see that there is a functorial injective map 

Ext£(l, (£, V)) ^ H\X 0 ,E^E® Ojt n\ /w(k) (\ogD)), 

and the analogous statement holds for U. In particular, Ext 2 (l, 1) = 0 if D ^ 0, 
and we are in the setup of Proposition 11.41 

Proposition 2.2. Let U C X be an open, and (Ei, V), (E 2 , V) logarithmic (for 
D) unipotent connections on U. Then 

Hom((E 1 | (7 , V), (E 2 \u, V)) t Hom((E 1 | ([/ ^ ) , V), C^Kt/yD)’ V)) 
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is bijective. 

Proof. Since Ef ® E 2l with the induced connection, is unipotent again, we may 
assume (Ei,V) = (<D^,d). 

Injective is evident. Hence the question is local; we may suppose U = Spf(A), 
D consists only of a single point xq, D = V{t) for some t £ A, and QA/W(k) = Adt. 
Moreover, we may suppose that E 2 has an A-basis e±,..., e r such that the connec¬ 
tion matrix is strictly sub-diagonal. We denote by A[i _1 ] the p-adic completion. We 
note that if f £ A[t _1 ] satisfies t-dt(f) £ A , then f £ A. Let JA /je* be a horizontal 

section with /,; £ A[t -1 ]. By induction, we may assume that / 1 ,..., 1 £ A, thus 

t ■ dt(f r ) £ A, which proves the claim. □ 

2.3. Let us define the Frobenius pullback F : U -A U. Suppose U C X\D is 
an open, and fa fa : U —> U two lifts of the absolute Frobenius. If (E, V) is a 
unipotent connection on U, then it is automatically nilpotent and we obtain a 
canonical horizontal morphism 

(2.3.1) fa(E) fa*(E). 

For (£?, V) = (Ou,d ), it is the identity. 

Let {Ui}i be an open covering of X together with fa : Ui —¥ Ui, a lifting of the 
Frobenius for each i, such that 

(2.3.2) #(W =i W 

where 1^ is the ideal for D. Condition (12.3.21) implies that (p* {E^j .) is a logarithmic 
unipotent connection on Ui for every E £ IA. In view of (12.3.11) and Proposition 
12.21 we can glue to a connection F(E) £ U via the natural morphisms 

4>*i{ E \Ui)\UiHUj -t <t>*j (A| Uj) | Utnuj■ 

This construction does not depend (up to natural isomorphisms) on the choice of 
the covering and the choices for fa. We can always find such a covering, because 
around every point xo £ X. there is an open neighborhood U and an etale morphism 
/:£/—> A^, fc s with {* 0 } = / -1 (0). Any Frobenius lift on can be lifted to 

U. 

In this way, we obtain the Frobenius pullback 

(2.3.3) F-.U^U. 

2.4. In fact, we do not need Proposition 12.21 in order to define F. For xo £ Dq let 
4>i,<t>2 be two Frobenius lifts on the local ring Oy- . such that (12.3.21) is satisfied. 
In the following we will give an explicit description of the natural map 

(2.4.1) f : faE X0 ^ fa 2 E X0 , 

where E xo is the stalk of a logarithmic unipotent connection defined in a neighbor¬ 
hood of xq. Let t £ Ox xq be a generator of 1^, we have fib ^ = O-^ XQ dt. Let us 

write i5 a;o [t _1 ] for the induced (regular) connection on [£ -1 ]. We denote by 

O y X q \t 1 ] the p-adic completion of O ^ [i -1 ]. Over xo [t _1 ], we know that / 
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is given by Taylor expansions 


®X,x 0 ft X ] E Xo \t ]^'Oj CxQ [t x ] ®<?ij,e>^ ia , 0 [i-i] E Xo [t ] 

l< 8 >ei-» , ®Vg t (e). 

n=0 

To define this map over , we set 

^X,x 0 ^A.xq ®<l>l’ 0 X, *„ 


(2.4.2) 


xq u j-^O ^ 7 -^-,^0 

OO f ^1 (*0 _ 1 V 

i 0 e ^W) j 

n=0 


77.! 


®*"Vg t (e). 


Since G CW and ^777 — 1 G pO^ , we conclude (^ 7 ^ — l)”/n! GO; . 
Moreover, t"Vg = P n {tS7o t ) for a polynomial P„ with integral coefficients, thus 
f n Vg t ( e ) € E Xo . For the convergence of the sum on the right hand side note that 
e G E(U) for some open neighborhood U of xq. Suppose that t, fa, fa are defined 
on U , then we can make sense of the right hand side in 0%(U) , 0 ^( 1 /) E{U), 

because t n S7g t (e) converges p-adically to 0. We used an open neighborhood U 
instead of working with 0% , because the latter is not p-adically complete. 

In fact, (12. 4. 2D equals 

00 lOg; ( fold) )" 

^— < 8 > ( t\7 dt ) n {e ), 

' n\ 

n=0 


* (1 ) n 

where log(^t^y) = — - TT ~—> which is well-defined and contained inpO^- zg 

We will not use this formula and leave the proof to the reader. 


3. FrOBENIUS FIBRE FUNCTORS 

The goal of this section is to construct P-fibre functors (see Definition EBD for 
unipotent logarithmic connections on curves. 

3.1. Points with good reduction. Recall the setup in Section 12.11 Let x : 
Spf(W(/c)) -> X be a morphism over W(k) such that the topoligical image Xq 
is not contained in Do (we call this a point with good reduction). We set cu x (E) := 
x*E = E Xo ®c>x X0 ,x* W(k), for every E GU. In order to define 

Vx : uj x (E) ® W (k),t 7 W(k) ->• u x (F(E)), 

we choose {([/*, fa)} as in Section [2751 For i with xo G Ui, we have fa o x = yt o a 
for some yi : Spf(W(A:)) —> X with topological image xq, hence an isomorphism 

(3.1.1) u Vi (E) ® wlk)ia W(k) -> Lu x (fa(E)). 

We will simply write </>*(F) for (f>*(E |[/J. We define rj x to be the composition of 
(13.1. ID with the base change (along a) of the natural map 

(3.1.2) uj x (E) —>■ uj yi (E), 
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provided by the connection. Recall that we have a functorial map (13.1.211 . because 
x and y-i are equal modulo p, and the connection is nilpotent. For j with xo £ Uj, 
there is a commutative diagram 
(3.1.3) 

w* (#(£))-—- 


u>Vi ( E) ®w(k),c7 W ( k ) uj Vj (E) <8>v^(fe),cr W(k) 


Ux{E) ®W(k),c r W(k), 
which implies that r/ x is well-defined. 

3.2. Points with bad reduction. Let x : Spf(W(fc)) —> X be a morphism over 
W{k) such that the topoligical image xo is contained in D o, but x does not factor 
through D. We will essentially use the same method as in the good reduction case, 
but the maps (13.1.11) will depend on the choice of a logarithm for p , so that the 
Frobenius fibre functors obtained in this way are indexed by (x,a) with a € pZ p . 




3.2.1. We denote by 2 : Spf(W( k )) —> D the point with topological image zo = xq, 
and let I C O^ Xo be the associated ideal; set W := W(k) and K := Frac(W). For 
every generator t of I, we have an evident commutative diagram 


Ox,JI n -- '™ n (Ox,JI n ®w I<) 

Pt 




K[\t\]. 


We define the subring 

OO 

A t := {V a n — | a n G W, lim |— r\r n = 0 for all 0 < r < 1} C A'[|i|], 

L ' n! n—>■ oo n\ 

n =0 

and note W[|f|] C A t . It is easy to see that pt(A t ) is independent of the choice of t, 
and we denote this ring by A z . The point x : Spf(W(/c)) —¥ X induces an evident 
ring homomorphism 

x* : A z -> W. 

This also holds for the point z. We will need that the kernel of z* is a divided 
power ideal. 

Lemma 3.3. For f € A. with z*(f) = 0, we have f n £ n\ ■ A z for every n > 1. 


Proof. By induction we may suppose f n 1 /{n — 1)! G A z . There is a unique g £ A z 
satisfying 

fn— 1 

d 9 = l - TTT d /> 2*(sO=0, 

(«-!)! 

hence f n = n! • g. □ 
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Every lift of the Frobenius </>* : 0y _ o — > 0y zq with <j>*{I) C 7, extends to A z . 
We have an obvious connection 

(3.3.1) d : A, —> A z <S>e> - • 

The reason for introducing A z is that d is surjective and has kernel W. In partic¬ 
ular, every unipotent connection can be trivialized over A z . Since we work with 
logarithmic connections we have to go one step further. 


3.3.1. We set 

l n 

4,iog(t) : = | n > 1] C (. K A t )[l \, 

and extend (13. 3. Ill to a logarithmic connection 
(3.3.2) d : A ti iog( t ) -> A ti i og (t) ®O Xz0 n ^ )Z0 ( log 2) 

l 71 - 1 dt 


d(-r) = 


(n > 1), 


n\ (n — 1)! t 
thus l plays the role of log (t). 

In order to relate A t> i og (t) and ^tyiogp'), we will need the logarithm 

lo s : -> 4.. 


For / G 0*g ^ , we can uniquely write / = c • g, with c G W* and z*(g) = 1. We set 

log(/) = log(c) +log( 5 ), 

where log(g) G A z is determined by the properties z*(log(g)) = 0 and d\og(g) = ^L. 

It is given by the series log(g) = — • Note that x* o log = logos;* and 

(j>* o log = log ocj)*. 

Let if be another generator for 7, we would like to define 


OLt,t' • ^qlog(t) t Atf, i 0 g(t') 

r (i + \og{t/t’)) n 
n\ n\ 

For this, we need to show log (t/t') n G n\ • A z for every n. Indeed, since log(W*) C 
pW, we may suppose z*{t/t') = 1 and use Lemma 15751 By using the maps we 
glue a ring A Z; i og together with the logarithmic connection (13. 3. 2D . 

In order to extend points to H Zj i og , we need an extension of log : W* —> pW to 
log : W\{0} —¥ pW such that log (xy) = log(a;) + log(y). We can do this by picking 
a choice a G pZ p for log(p). 

Our point x : Spf(W(fc)) —> X induces 


x * '■ -^t,log(t) W, 


r 


M- 


log(**(f)) r 


n\ n\ 

for every t, and compatibility with a t t r yields x* : A z ^ og —> W. Here we have used 
that x ^ z. In order to extend z, we will need to use tangent vectors, which is done 
in the next section. 

Every lift of the Frobenius <j>* : (Dy Zq —> Oy Zo with </>*(/) = 7 P , extends nat¬ 
urally to A Zt i og . Indeed, choose a generator t for 7, then <j>(t ) = t p f where / is a 
unit. In A* wm we set 

l n (pl + \og(f)) n 

<P{—,) = -j-■ 

n! n! 
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Again, this is well-defined and compatible with at,t>, so that we obtain an induced 
map on A z> i og . 

Proposition 3.4. Let E be a unipotent logarithmic (with respect to z) connection 
over O£ z ■ For the induced (logarithmic) connection A Zt i og ® o x ,z 0 E , we denote 
by 

(A z> log ®Ox,z 0 ^o) V = {^2ai<g> ei I '^a i S7(ei)+d{a i )®ei = 0} 

i i 

the horizontal sections. The natural map 

A Zj iog <8>w {A z , iog ZQ E z0 ) v —» A Zj i 0 g <8)0^ 

is an isomorphism. 

Proof. First, note that 



Fix a generator t for I. Since every (regular) connection has enough horizontal 
sections over A z , we can find an A z -basis of A z (g >0 - £? Zn such that the connection 
matrix is of the form B^j- where B has only entries in W and is strictly sub-diagonal. 
Working in A t ,i og (n, the matrix exp(— Bl) provides a basis of horizontal sections. □ 

This proposition enables us to identify uj x (E) = uj x >(E) via the horizontal 
sections over A z j og , provided that the topological image of x and x’ is zq, and 
x ^ z, x 1 ^ z. Note that this identification depends on the choice of log(p) = a if 
|a;*(f)| yf |a;'*(t)|. In case |:r*(f)| = \x'*{t)\, the fibres are canonically identified. 

All we need in order to define 

rjx,a ■ 0) X (E} ®W(k),a IF(^) t UJ X (F(E')') 

as in the good reduction case is the commutativity of the following diagram, where 
we have set £?*,i og := A z j og ®o A E Zo , 

idA z, iog® EUD 

A Zj i 0 g 0Oy 4*i Fzq ^ A z i 0 g </> ■ E zo 

-A. , ZQ -A , ZQ J 


A Zj log ®4>l,A Zt io & Fj z ,log A Zj log <S>0*,A Zilog E z ; log 


W w E 7,log 

The commutativity is not difficult to prove with the help of the explicit description 
in Section 12.41 

3.5. Tangential basepoints. Recall the notations from Section 13.21 Let z : 
Spf(W(/c)) —> D and ( G Homw(/// 2 , W)\{0}. We are going to define an F- 
fibre functor depending on (z,£, a), where log(p) = a. If £ is an isomorphism, then 
the construction will not depend on a. We will give two construction. In the first 
one, we will use the methods from Section EOl The second construction will follow 
the general formalism due to Dcligne ;Del89i p. 242] (cf. ]BF061 §3]). 
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3.5.1. We can extend z* : A z —>■ W to A ~ t \ 0g by defining 


(z,0* -A,i os (t)^w, 


i n t ; log mr 

n ! n\ 


which is compatible with ott^t' ■ This extension depends on a = log(p) if £ is not an 
isomorphism. 

We define <j>T z {C) £ Horn w(I/I 2 ,W) by the property 




where, as usual, cf>* is a lifting of the absolute Frobenius with <j>*(t) = f ■ t p and 
/ £ 0*. . It is easy to see that </>t 2 does not depend on the choice of t. Moreover, 

(3.5.1) ao {z,<f>T z {QY = (z,0* °4>*- 

We set 

^,a)( E ) = (*.0*(^z,log E Z0 ) = Z*E , 

and 


(3.5.2) 17(2, £, a) • ^(z,^,a)(^) r IT A U(z,(l> Tz (£),a) (E') ®W,cr IT A (E)'), 

where the first map is induced by the trivialization over A z< i os , and the second map 
comes from (13.5.11) . 


Remark 3.5.2. The functor W( 2j £ jQ ) is simply w 2 . However, depends on (£, a). 

If £ is an isomorphism then so is <f>r z (£), and r)^ z ^ a ) does not depend on a. We will 
reprove this fact via the second construction of tangential base points below. 

The second arrow in (13. 5. 2D can be identified with the isomorphism z*E ®w,cr 
W —> z*4>*E coming from a o z* = z* o ifi*. For another lift </>' the diagram 


z*(/>*E 


I2XH 


z*(j>'*E 



Z*E ®w,cr IT 


does not commute in general. 

3.5.3. Let us explain the second construction. We set T z = Hom^)!// 2 , IT), and 
P 2 := P(T 2 © IT) = Proj(Sym^(/// 2 © IT)). We let D z = {0} U { 00 } C P z . For 
any generator t of I/1 2 we get a corresponding open immersion 

Spec W\t] —> P 2 

with 00 as complement. As usual, we denote by P 2 the p-adic completion. We 
denote by U z (resp. U z ) the category of unipotent connections on P 2 (resp. P 2 ) 
with logarithmic singularities at D z . 

We have a residue functor 


Res 2 : U —A (free f.g. IT-modules equipped with a nilpotent endomorphism), 
(£,V) ha (z*E, Res 2 (V)). 


For E € U we obtain a unipotent connection (z*E ©vv Ow[t\,d + Res 2 (V)^) on 
Spec(lT[t]) with logarithmic singularities at 0. Any two extensions of this connec¬ 
tion to an object in U z are canonically isomorphic, because taking residues at 0 is 
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an equivalence of categories for U z . This construction is independent of the choice 
of t. because 4^ is- Therefore, we obtain a functor 

T z :U-fU z . 


Obviously, T z is already defined on unipotent logarithmic connections over . 

Let (f>* be as in Section 13.5.11 We get an associated lifting of the Frobenius 

(fa z ■ Spec W[t] -> Spec W[t\, $^(i) = z*(f)t p , 4>t z \w = °i 

and can extend it to P 2 . There is a unique isomorphism 

(3.5.3) TA*(E)^cI>* t T z {E) 
inducing the identity on the fibre at 0, when we identify 

0*<j>^T z (E) = 0 *T z (E)® w , a W = z*E® Wt<r W, 0 *T 2 </>*(F) = z*fi*E = z*E® w , a W. 
In order to see that (13.5.311 gives rise to a natural isomorphism 

(3.5.4) T z oF->FoT z 
of functors U —> U z , we have to show that 

z*<t>*E - > 0*^T z (E) 


i2xn 

z*4>'*E 


113. 5. 31 


112.4.U 

o * 4 >' t ;t z {e) 


is commutative. This follows from the explicit description of (12.4.11) in Section [2~T1 
Given T z and (13. 5. 41) . we can make every F-Rbre functor on U z to an F-Rbre 
functor on U. In particular, every £ £ Hom(/// 2 , W)\{0} C V Z {W) gives rise to an 
F-hbre functor. If £ is an isomorphism then £ has good reduction and there is no 
dependence on log(p). 

For the compatibility of the first construction in Section 13.5.11 and the second, 
we note that (13. 5. 2D corresponds to 

W(z,t,a) '■ Z*E 0w,cr W —» z*E ®w >(T W —» Z*(/)*E 

by using W( 2 = u z , and it is not difficult to show that the first map is given by 

exp((log(£(f)) — log (<j>T z (Q(t))) ■ Res 2 (V)) <g>idu/ for any generator t of I/I 2 . 


4. Proof of the main theorem 
Recall the setup of Section l2Jl 

Lemma 4.1. Let a £ D{W[k)). Let x = (w a ,r?) be a tangential F-fibre functor 
at the point a. We denote by U' the unipotent logarithmic connections on X with 
respect to D — a. 

(1) Res a (V) defines an element in End(w a ) with p x (Res a (V)) = p-Res a (V) ® 
idwqfc) ■ 

(2) If D ^ a then Res a (V) £ I Ua \I^, a and I UJa /(W(k ) ■ Res a (V) + I 2 J is p- 
torsion free. 

(3) If D = a then Res a (V) £ I 2 a \I^ a and I^ a /{W(k) • Res a (V) + 7® o ) is p- 
torsion free. 
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In any case, W is an admissible subcategory of U and the corresponding ideal is 
generated by Res a (V). 

Proof. (1) is easy to check. For (2). Since D ^ a, Res a : H°(X , w+Z))) —> W{k ) 
is surjective. For b £ W(k)* choose u> £ H°{X,u^{D)) with Res(w) = b. Then 
E = O^e o © O-^ei with V(eo) = uj © ei, V(ei) = 0, shows the claim. 

For (3). In this case, we have H( lR (X /W) = Ext^,(l,l) = Ext^(1,1). Hence 
Res a (V) £ I+. We have 

= (Ext^(l, 1)® 2 ) V = (hI r (X/W) 92 Y , 

and the image of Res 0 (V) in I+/1+ is given by the Poincare pairing. We are done 
with (3), because this pairing is perfect for curves, that is, induces an isomorphism 

H\ k {X/W) “ Hi^x/wy. 

For the last claim on U' , we can take K bJa to be the two sided ideal generated by 
Res a (V). Since the leading term of Res a (V) is not divisible by p, we obtain that 
I n /(K jj n I n + I n+1 ) is a free fF(fc)-module for all n. By induction on n, we see 
that End(w a |w n )/RT tJ is contained in Z/(End(w a ), W{k)). □ 


Theorem 4.2. Let k be a perfect field of characteristic p. Suppose X/W(k ) is 
a smooth projective geometrically connected curve. Let D = a*, w hh a» G 

X(W(k)), be a divisor that is etale over W{k). Let x,y be two F-fibre functors 
(Definition 1 1. on the category U of unipotent connections on X with logarithmic 
singularities at D. We denote by U' the category of unipotent connections on X. 
Then 


Hom(ir, y) -> Horn 
is bijective (see Definition \1.10\) . 


Proof. We denote by U ai the category of unipotent connections on X with loga¬ 
rithmic singularities at D — a±. It suffices to prove that 


Horn (a;, y) -> Hom^^ , ) 


is bijective. Since U ai is an admissible subcategory of U by Lemma 14.11 we may 
use Proposition 1 1.1 41 and show that (11.14.11) is bijective. In view of Remark ll.12.il 
and Lemma 11.111 21 applied to a tangential fibre functor at a\, we conclude from 
Lemma POT 11 that 


on 


V\0n 


A' n if 


AW n I 


n+1 


c p- 


aw n if 


AW n T: 


n+1 


®w(k),cr W(k) 


Hence (11.14.11) is bijective. 


□ 


Theorem 4.3. Suppose X/W(k ) is either or an elliptic curve. Let D = 

a i G A(1F(/c)), be a divisor that is etale over W(k). Let x,y be two 
F-fibre functors on the category U of unipotent connections on X with logarithmic 
singularities at D as constructed in Section 0 that is, x (resp. y) is attached to a 
point with good or bad reduction or is tangential. Let Xo £ X(k) (resp. yo £ X[k)) 
be the reduction of the underlying point of x (resp. y). If X is an elliptic curve 
then we assume that yo — xq has order prime to p. 

Then there exists 7 j , tX £ Isom(.T, y ) such that "f V:X induces the identity on (0^,d). 
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Proof. By using Theorem 14.21 we may suppose D = 0. 

Let x = (oj a ,Va),y = (uJb,Vb) with a,b £ X(W(k)) the underlying points. We 
have identified cj a (Og) with ojb(O^) by 1 i-A 1. If X = then there is nothing 

to prove, because every unipotent connection is a direct sum of trivial ones. 

Now assume that X is an elliptic curve. Certainly we may suppose that a is the 
zero. For any b' £ X(W(k)) in the same residue disc with b 7 there is a canonical 
isomorphism in Isom((ctV, 775 /), (w&, rib)) inducing the identity on (Oj^ 7 d), because 
the fibres are identified via the connection. By Hensel’s lemma, there is a prime-to-p 
torsion point b' £ X{W(k)) in the residue disc of b. We may assume b' = b. 

Let N > 1 be such that ( N,p ) = 1 and N ■ b = 0. Multiplication by N, 
rriN : X —> A', induces a functor 

m* N : (unipotent connections on A') A (unipotent connections on X). 

This functor is an equivalence of categories, because on Ext 1 (l, 1) and Ext 2 (l, 1) 
it induces multiplication by N and N 2 , respectively. Moreover there is a natural 
isomorphism 

F o m* N —> m* N o F. 

Indeed, if 0 is a lifting of the absolute Frobenius on an open U of X and <j>' is a 
lifting of the Frobenius on rnfj (U), then there is a natural isomorphism 

f>* o m* N m* N o <f>* 

provided by the connection, because toat °4>' and (fiorriN agree on the special fibre. 
For a unipotent connection E, find E' and m* N E' = E. We obtain a map 

uj 0 (E) ^ u) 0 (m* N E') = ujo(E') = u] b (m* N E') ^ u b (E), 

which is independent of the choices made. This construction yields the desired 
element in Isom((otv, py), (uib, rib))- □ 

Remark 4.3.1. (1) If X = then is unique. In particular, this yields 

compatibility with composition: 

7 z,x = lz,y 0 "fy,x- 

(2) If xq = yo & D{k) then 7 VjX is simply the usual isomorphism of fibres 
induced by the connection. 

(3) Suppose xq = yo £ D[k ), hence x (resp. y) is attached to a point with bad 
reduction or is tangential. Let z £ D(W(k)) be such that z 0 = xq = yo- 
Then fits into a commutative diagram 

u> x (E) -—- *-u v (E) 



where Ej log are the horizontal sections of E Zo over the ring A z ] OR (see 
Section m - 

For the proof of this remark we can reduce to D = 0 by Theorem 14.21 again. 
Then the claims follow immediately from the construction of 7 VtX . 
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4.4. Compatibilities. In this section we sketch the compatibility of the path con¬ 
structed in Theorem 14.31 with Besser’s Frobenius invariant path. Again, we assume 
the setup of Section [All and suppose that D = Yli a i A witla a* G X(W(k)), is 
etale over W(k). 

We set K := Frac(W(fc)). For a M / (fc)-linear category C, we denote by C<8>Q the 
AT-linear category with the same objects as in C and 

Homc<g>Q(i?, Y) := Home (Z, Y) <8>z Q. 


4.4.1. We set A := Ox(X\D). Let us denote by A the p-adic completion and by 
At C A the weak completion lMW68i, §1]. We denote by W(At <8> K) (resp. U(A <8> 
K)) the unipotent A' <g> A'-connections (resp. A <8> A'-connections). We have a 
commutative diagram of functors 





u{A®k), 

where jt and J are the evident restriction functors. The functors E K > E and 
E i-a At are equivalences of categories. The functors J and jt are fully faithful by 
Proposition ^. 21 

We have a functor F : U{A f ®K) —> U(A^ <g> K), which is defined by E i-a c\>*E if 
0 : At -> At is a lifting of the absolute Frobenius. For all E £ U, we may identify 
jt(A(At)) and J(A(A)). 


4.4.2. Suppose k is a held with p n elements. Besser [Bes021 p. 26] constructs for 
all Xq € X(k) a fibre functor (in the Tannakian sense) 

wf 0 : W(At <8) K ) —> (AT-vector spaces) 

equipped with an evident isomorphism uj^ Q oF n = . For every pair Xq , po G X(k), 

there is a unique natural isomorphism "fy 0:Xo G Isom® (u >^ 0 , uiy Q ) such that 


,b — 


CO, 


B _= 


■<°F n 


■<oF n 


oF n 


is commutative; it is called the Frobenius invariant path. For E £ U and xo G X(k), 
the following holds. 

(Good reduction): If .To G X(k)\D(k ) then 

<(E) = {s e E Xo (]x 0 [) | V(s) = 0}. 
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Therefore Remark l4.3.1f 2) implies the commutivity of the diagram 


(4.4.1) 


'(E) 



u x (E) 0 K 


^x' ,x 



0 K 


for all x,x' £ X(W(k)) reducing to xq. Here we have used the notation 
E Xo Qx 0 \) = AQzoQ x E x with 

-A. ,XQ 

oo 

H(]xo[) = {y^ ait 1 | ai £ K and lim |ajr*| = 0 for all 0 < r < 1}, 

‘ ^ i —>-oo 

i—0 

where t £ Xq reduces to a uniformizing element modulo p. 

(Bad reduction/Tangential): If xq £ D(k) then co^ o (E) = Ej log 0 K. 
where 2 £ D(W(k)) is the lifting of xq IBes02 1 p. 41]. Remark 14.3.11 3) 
implies the commutativity of (14.4.11) if x (resp. x') is an F-fibre functor 
attached to a point with reduction xo or is tangential. 

Therefore we obtain an isomorphism 

(4.4.2) Isom(w x 0 K, oj v 0 K) A Isom(wf 0 , w®), 

for all F-fibre functors x,y constructed in Section [3l and where Xq £ X(k) denotes 
the reduction of the point underlying x. 


4.4.3. For every F-fibre functor x = {co,rj) (on U) we obtain an F ra -fibre functor 
a;N = (w, Tyl”!), where 


V ln] = (w 0w(k)^ W(k ) A(woF) 0 w(fc)lff »-i W(k) I"' °-> u o F n ). 

We denote by x^ 0 K = (w 0 K, 0 K ) the induced F ra -fibre functor onM 0 Q. 

In fact, ([4.4.2D induces 
(4.4.3) 

Isom(a; [r!l 0 K, y [nl 0 K) ^ Isom((wf 0 , Awf o F n ), (w.f 0 , w.f 0 A o F n )), 


where Isom is as in Definition 11.101 on the left hand side for W®Q, and on the 
right hand side for U(A' 0 K ). Although we have explained the construction for 
D ^ 0 only, we also have (14.4.31) in the case D = 0. 


Proposition 4.5. IAa (14.4.3D . f/ie element constructed in Theorem \4-i\ maps 
to Besser’s Frobenius invariant path. 


Proof. Indeed, for D = 0, we can see from the explicit description of 7 j, iX that it 
is a 0 -isomorphism, hence maps to the Frobenius invariant path by uniqueness of 
the latter. 

For D 7 ^ 0, the Frobenius invariant path provides an extension of the restriction 
of 7 y,a; to U' 0 Q, where U' is the category of unipotent connections on X. By a 
variant of Theorem 14.21 for IA 0 Q and U' 0 Q, whose proof is essentially the same, 
this extension is unique. □ 
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5. Application to p-adic multiple zeta values 

5.1. Let X = P)j, where R = W(k), and A: is a finite field of characteristic p. Let 
D = ]j* =0 a,i, with at G P 1 (i?), be a non-empty subscheme of P^; in particular, we 
have dj ^ dj, for i ^ j, and where ai denotes the induced k- valued point. 

We define oJi G iL°(P}j, for i = 1,..., s, to be the form with residue —1 

at a,;, and vanishing residues at all other cij with j > 0. If ao = oo then w, = a d f - . 
We set T = H °(P^, fi 1 (D)) v = H 1 ^, 12*(logD)) v , A r = 0[ =o r®*, and we write 
LOi,...,cof for the basis dual to uii,... ,cu s . We equip 

E r := Opi A r 

with the connection induced by 

S 

V(1 ® a) ~ ^ uji ® OJi ■ a 

i= 1 

for all a G A r . It is a unipotent logarithmic connection and satisfies the properties 
of Proposition 11.41 

5.2. Fix a non-degenerate tangent vector £ at aq, that is £ G Isomfl(/ ai /J^ 1 ,1?), 
where / ai is the ideal for ai. Let y G P 1 (I?) be such that the reduction y G P 1 (/c) 
is not contained in D{k). We identify ui ai (E r ) and uj y (E r ) with A r in the evident 
way. Note that 

r v 

ly, ( ai ,0, Er (!) = 1 + Y 
i,. 

where ^ cjq o • • • o is the iterated Coleman integral fProposition 14.511 . 

We denote the prosystem of connections (A r , V) by (.E, V), so that 7 y ,(ai, 4 ),£; is 
an endomorphism of R((T)) = lim^ A,-. 

Theorem 5.3. Let pM C W(fc) be the ideal generated by all with i > r. We 
have 

(5-3.1) 7p,( ai ,«,E(i)enP W - r ® r - 

r>0 


Proof. Let us choose a covering P 1 = (J® =0 ^ with °P en sets such that a,j ^ Ui 
for all i ^ j. Furthermore, we may assume that U\ is the p-adic completion of 
P^ / ( fe )\{a°, 02 ,..., a s }. We can find on each Ui a lifting of the absolute Frobenius 
4 >i with the property </>* (I ai ) = i* . 

The construction of F*(E , V) works as follows. We glue <j>*E\jj. via the canonical 
morphisms 


9ji '■ 4>*E\u t nu : 

4>* (e) >->. 


4>*jE\ UjnUi 
(<£*(*) - 4>*j{t)) r 


m —0 




where t is a coordinate on UiCiUj and e is any section of E. Note that <j>i(t) — <t>j(t) G 
p ■ 0(Ui D Uj) so that the fraction makes sense. Convergence of the sum is evident 
if p ^ 2, and follows from the quasi-nilpotence of the connection if p = 2. 
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Let us identify 

f-i ■ 0 Ui ® a ^ W ( k )W{k){{T)) 4 x/>tE\ vt , €i(l ®a) = 4 >*{a), 

for every a G IT(fc)((T}}. We claim that 

Fi = n ®a,W(fc) P lr] ■ r 0r 4 ^E Wi 

r> 0 

inherits the connection from (f>*E\u. and glues via {gji} to a (pro-)object F of U. 

Since cj>* (. Uj) G p-H°{Ui,H 1 {D)) for every j, which is evident if j / i, and follows 
from </>*(/ a J = IP. if j = i , we conclude the existence of the induced connection on 
Fi. In order to show that {-Fi}i=o,...,s glues, it suffices to show 

(5.3.2) Sii(p [r] #(a)) eFjiUiHUj) 

for all a G T® r . In fact, g y i(p^</i*(a)) = p • gji {(j)* ( 1 )) -a, because gji is compatible 
with the right multiplication on E by W(fc)((T)). Therefore • pM C p^ +r 1 
reduces (15.3.21) to the case a = 1. Since the image of V™(1) via the projection to 
OuitiUj ®w(k) vanishes if m < r, we are done. 

We denote by e the inclusion (F, V) —» F*(E , V). Once again, for x G {(ai, £), ?/}, 
let us identify 

u x (F*(E,V)) = W(k)® amk) W(k)((T)) 

via ei, so that 

(5.3.3) w x (e)(w x (F, V)) = W(k)® a , w{k) [] pH • T® r . 

r>0 

It follows easily from the functoriality of 77 , and its simple shape for 1 , that 
77 ,( 1 ) G 1 + w(k)^ tW{k) w(k)((T)) ■ r, 

77a:(1 <S> a) = 77,(1) ■ (1 <g> a), for all a G W(k)((T)). 


We claim that, for all 777 > 0, 

(5.3.4) 77,(1 ® r® m ) C W(k)^ w{k) n P [r] • r 0r+m 

r>0 


Suppose first that x = y, and fix a coordinate t otlU\. Then g y is the W (fc)< 8>cr,w(fc) - 
base change of 


OO 

m —0 


{t(y) - t{<t>{y))Y 


vg», t= * v) , 


and we can argue as above. If x = (ai,£) then r)( ai ,£) is the base change of 
a m- exp (log(A^) • Res ai (E, V)) (a), 

for a certain G W(k)* ('Section ETSl) . and the residue Res ai (E, V) G End(w ai (E)). 
Since log(A^^) G p ■ W(k) and 

Res 0l (£’, V)(a) =u( - a, 

we can even show (15. 3. 41) with substituting ^ for pH. 

In view of the bijection 
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for any F £ ob (U), and (15.3.4D . there is a unique O' : (F, V) —> (F, V) such that 
Wai(^ , )(l) = r l(a 1 ,{)(!)■ We get a commutative diagram 


u} a 1 (F*{E)) 7 y,(ai,<),F * (E j. uj y (F*(E)) 


•'ai(e) 


uiy(e) 


-'■o!/ --- w„(F) 


dCe') 


l(^) 




“w(S') 


/(£), 


which, together with the fact that 7 y,( ai .{) is an isomorphism of F-fibre functors, 
implies 

%(! ® Tb^oi.O.eC 1 )) = w y( e )( w y( 0 ')(7y,(ai,«),.E(l))). 

In view of (15. 3. 3D and (15.3.4D . we conclude (15. 3. ID . □ 


5.4. Suppose that a q = 00 , a\ = 0, <22 = 1; we set A = ujf and B = off. Furusho’s 
p-adic multiple zeta values can be computed as follows. Let £0 be the tangent vector 
at 0 pointing to 1, and let £1 be the tangent vector at 1 pointing to 0. We denote 
by Xq = (wo,P{ 0 ) and x\ = (wi., 77 ^) the corresponding tangential F-fibre functors. 
As noted in Section 13.5.31 they do not depend on a choice of log(p). 

Furusho | IFur041 Theorem 3.3/Proposition 3.7] constructs solutions Gg(p) and 
G“(p) of the p-adic Knizhnik-Zamolodchikov equation with values in Coleman func¬ 
tions. In view of Proposition 14.51 it is easy to see that, for every y £ W(k) with 
y £ { 0,1}, and every finite extension k D F p , 

(5.4.1) G a 0 (y) = 7„,x„(l), G?(y) = 7 „,*i(l)- 

Furusho defines the p-adic Drinfel’d associator & P KZ (A 1 B) by requiring 

G a 0 (y)=GUy)-$ P KZ (A,B). 

Since right multiplication by W(fc)((r)) induces endomorphisms of the pro-object 
E, we have 

(5-4.2) 7 z ,x( e ) = 7*,x(l) • e 

for every two F-fibre functors x, z. Therefore 

(5.4.3) 7xi,y(l) ■ 7y,xi(l) = 7xi,xi(l) = 1, 7xi,y(l) ' 7y,x 0 (l) = 7xi,xo(l)i 

hence ® P KZ (A,B) = 7xi,x 0 (l). Now it follows from Furusho’s definition of p-adic 
multiple zeta values as coefficients of the Drinfel’d associator that 

(5.4.4) (-l) m C P (fci, • • •, k m ) = c(ki, ..., k m ) 

where c[k\ ,..., k m ) is the coefficient of A km ~ 1 BA km - 1 ~ 1 B ... A kl_1 B in 7xi,x 0 (l)- 
Corollary 5.5. For all k±,..., k m , we have Cp(ki ,..., k m ) £ p[5C*= i ki ] . 

Proof. Follows immediately from (I5.4.4D . (15. 4. 3D . and Theorem 15.31 □ 
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